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Chapter 5: Logic, Information and Knowledge
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Logic and Information Flow

Observation, inference and communication

Someone is standing next to a room and sees a white object out-
side. Now another person tells her that there is an object inside
the room of the same colour as the one outside. After all this, the
first person reasons and get to know that there is a white object
inside the room. This is based on three actions: an observation,
then an act of communication, and finally an inference putting
things together.
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Logic and Information Flow

From objective to subjective

From

If p → q and p are true, then q is true.

to

If I know p → q and I know p, then I know q.
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Information versus Uncertainty

Representation

The key idea:

Represent uncertainty rather than information.
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Information versus Uncertainty

Example (1)

Consider the uncertainty of an agent :

p p

p is the case

the agent considers possible for p
to be true

but she also considers possible for
p to be false.
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Information versus Uncertainty

Example (2)

Consider the uncertainty of two agents, i and j:

p p

i

i

i

j j

p is the case

agent i considers possible for p
to be true

but i also considers possible for
p to be false.

j, on the other hand, only
considers possible for p to be
true.
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Information versus Uncertainty

Example (3)

What is agent i’s information in the following models?

p p

i

i

i

p p

i i

p p

i

i

p p
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Information versus Uncertainty

Example (4)

Dealing cards: •◦• indicates that player 1 (—) has the red card, player 2 (- - -) has
the white one and player 3 (· · · ) has the blue one.

••◦

••◦ •◦•

◦••

◦•••◦•
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Modeling Information Change

Representation

The key idea:

If such models represent information, changes in these models represent
changes in information.

The most basic of such changes:

Reduction of uncertainty means more information.
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Modeling Information Change

Example (1)

Consider the uncertainty of an agent :

p p

p is the case

the agent considers possible for p
to be true

but she also considers possible for
p to be false.

Then the agent observes that p is the case so one world is discarded.
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Modeling Information Change

Example (2)

Consider the uncertainty of two agents, i and j:

p p

i

j

ii

i

j

p is the case

agent i considers possible for p
to be true

but i also considers possible for
p to be false.

j, on the other hand, only
considers possible for p to be
true

Then j informs i that p is the case and we get this model.
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Modeling Information Change

Example (3)

Dealing cards: •◦• indicates that player 1 (—) has the red card, player 2 (- - -) has
the white one and player 3 (· · · ) has the blue one.

◦•••◦•

••◦ ◦••

••◦ •◦•

2 asks 1 “Do you have the blue card?” and 1 answers “No”.
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The Language of Epistemic Logic

The language

Let P be a set of atomic propositions and N a set of agents.

The epistemic logic language is built via the following rules.

1 Every basic propositions is in the language:

p, q, r, . . .

2 If ϕ and ψ are formulas, then the following are formulas:

¬ϕ, ϕ ∧ ψ, ϕ ∨ ψ, ϕ→ ψ, ϕ↔ ψ

3 If ϕ is a formula and i is an agent in N, then the following is a formula:

2i ϕ

We abbreviate ¬2i ¬ϕ as 3i ϕ.
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The Language of Epistemic Logic

Examples

James knows that it is raining.

2J r

Natalia knows whether it is raining.

2N r ∨ 2N ¬r

James does not know whether it is raining.

¬2J r ∧ ¬2J ¬r

James does not know that it is raining, and actually it is not raining.

¬2J r ∧ ¬r

James knows that Natalia knows whether it is raining but he does not know it.

2J

`
2N r ∨ 2N ¬r

´
∧

`
¬2J r ∧ ¬2J ¬r

´
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The Language of Epistemic Logic

To practice

1 James knows that it is raining.

2 Natalia knows whether it is raining.

3 James knows that Natalia knows whether it is raining, but he does not know it.

4 Natalia considers raining possible.

5 James does not know that it is raining, and actually it is not raining.

6 Natalia knows that it is raining, but in fact it is not raining.

7 James knows that if it is raining, the floor will be wet.

8 If James knows that if it is raining the floor will be wet, and he also knows
that it is raining, then he knows that the floor is wet.

9 James considers possible that Natalia knows that it is raining.

10 Natalia does not know that James knows that she knows whether it is raining.
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The Language of Epistemic Logic

From natural to formal (1)

In this story we have three characters: Sherlock (S), Hemish (H) and James (J).
Use the following notation:

a - “the doctor ate the fish” d - “the doctor died of poison”
r - “the fish was rotten” c - “James put cyanide in the fish”

Translate the following natural language sentences into formulas of our language.

1 Sherlock knows that the doctor died of poison.

2S d

2 Sherlock knows that if James put cyanide in the fish and the doctor ate it (the
fish), then he (the doctor) died of poison.

2S

`
(c ∧ a)→ d

´

3 Hemish does not know whether the doctor died of poison or not, but he
considers possible that Sherlock knows it.

`
¬2H d ∧ ¬2H ¬d

´
∧ 3H

`
2S d ∨ 2S ¬d

´
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The Language of Epistemic Logic

From natural to formal (2)

4 Hemish knows that if the fish was rotten and the doctor ate it (the fish), then
he (the doctor) died of poison.

2H

`
(r ∧ a)→ d

´

5 Sherlock knows that James knows whether he (James) put cyanide in the fish
or not.

2S

`
2J c ∨ 2J ¬c

´

6 James knows Sherlock knows the doctor died of poison, and also knows that
Hemish does not know it.

2J 2S d ∧ 2J ¬2H d

7 Sherlock knows that if James put cyanide in the fish, then he (James) knows
it.

2S

`
c→ 2J c

´
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The Language of Epistemic Logic

From natural to formal (3)

8 Sherlock knows that Hemish does not know that the fish was rotten.

2S ¬2H r

9 James knows that the fish was rotten and that he put cyanide in the fish.

2J

`
r ∧ c

´

10 No one knows the doctor did not eat the fish.

¬2S ¬a ∧ ¬2H ¬a ∧ ¬2J ¬a
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The Language of Epistemic Logic

From formal to natural (1)

2S ¬2J a Sherlock knows that James does not know the doc-
tor ate the fish.

2H

“`
a ∧ (c ∨ r)

´
→ d

”
Hemish knows that if the doctor ate the fish and
this was rotted or with cyanide, then the doctor
died of poison.

2J

`
c ∧ ¬2S c ∧ ¬2S ¬c

´
James knows that he put cyanide in the fish, and
that Sherlock does not know whether this happened
or not.

¬
`
2S r ∧ 2H r ∧ 2J r

´
Not everyone knows the fish was rotten.

2J 3H (r ∧ a) James knows Hemish considers possible the doctor
ate the rotten fish.
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The Language of Epistemic Logic

From formal to natural (2)

¬2S 2H c ∧ 3S 2H c

Sherlock does not know that Hemish knows that James put cyanide in the
fish, but he (Sherlock) considers possible that James knows it.

d→
`
3S c ∧ 3H c

´
If the doctor died of poison, then Sherlock and Hemish consider possible that
James put cyanide in the fish.

2J

“
d→

`
3S c ∧ ¬3S r

´”
James knows that if the doctor died of poison, then Sherlock considers possi-
ble that he (James) put cyanide in the fish, but not that the fish was rotten.
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The Language of Epistemic Logic

From formal to natural (3)

2J

`
r → (d ∧ 2H d)

´
∧ ¬3S ¬c

James knows that if the fish was rotten, then doctor died of poison and
Hemish knows it (that the doctor died of poison) but Sherlock does not
consider possible that James did not put cyanide in the fish.

2H

`
2S d→ d

´
∧ 2H

`
2H d→ 3S ¬d

´
Hemish knows that if Sherlock knows the doctor died of poison, then the
doctor indeed died of poison, but he (Hemish) also knows that if he (Hemish)
knows the doctor died of poison, then Sherlock considers possible that the
doctor did not died of poison.
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Models and Semantics for Epistemic Logic

The models

The structures in which we evaluate modal formulas, relational structures, have
three components:

a non-empty set W of situations or worlds (with a distinguished one),

a valuation function, V , indicating which atomic propositions are true in
each world w ∈W , and

an accessibility relation Ri for each agent i.

w1

w2

w3

pq

w1

pq

w2

pq

w3

i

j

k

i

j

k

M = 〈

W

,

Ri

,

V

〉
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Models and Semantics for Epistemic Logic

Properties of the relation

Each accessibility relation R may have some special properties.

Reflexivity. For all worlds w, Rww.

Symmetry. For all worlds w and v, if Rwv then Rvw.

Transitivity. For all worlds w, v and u, if Rwv and Rvu then
Rwu.

Equivalence. If it is reflexive, transitive and symmetric.

Euclidity. For all worlds w, v and u, if Rwv and Rwu then
Rvu.
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Models and Semantics for Epistemic Logic

Deciding truth-value of formulas

Take a relational structure M = 〈W ,Ri,V 〉, and pick a world w ∈W :

(M ,w) |= p if and only if p is true at w

(M ,w) |= ¬ϕ if and only if it is not the case that (M ,w) |= ϕ

(M ,w) |= ϕ ∨ ψ if and only if (M ,w) |= ϕ or (M ,w) |= ψ

. . . if and only if . . .

(M ,w) |= 2i ϕ if and only if for all u ∈W , if Riwu then (M ,u) |= ϕ

What about 3i ϕ? Recall that we defined 3i ϕ as an abbreviation for ¬2i ¬ϕ.

(M ,w) |= 3i ϕ iff (M ,w) |= ¬2i ¬ϕ
iff not

“
(M ,w) |= 2i ¬ϕ

”
iff not

“
for all u ∈W , if Riwu then (M ,u) |= ¬ϕ

”
iff there is a u ∈W such that Riwu and not (M ,u) |= ¬ϕ
iff there is a u ∈W such that Riwu and (M ,u) |= ϕ
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Models and Semantics for Epistemic Logic

To practice (1)

pq

w1

pq

w2

pq

w3

M

(M ,w1) |= 3¬p ? (M ,w2) |= 3¬p ? (M ,w3) |= 3¬p ?

(M ,w1) |= 2 (p↔ q) ? (M ,w2) |= 2 (p↔ q) ? (M ,w3) |= 2 (p↔ q) ?

(M ,w1) |= p ∨ 2 p ? (M ,w2) |= p ∨ 2 p ? (M ,w3) |= p ∨ 2 p ?
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Models and Semantics for Epistemic Logic

To practice (2)

pq

w1

pq

w2

pq

w3

pq

w4

pq

w5

M

Indicate the worlds in which the following formulas are true.

3 q

{w2,w4}

2 p

{w1,w3,w5}

2 p→ p

{w1,w2,w4}

3 3 p→ 3 p

{w1,w2,w3,w4,w5}

q → 2 3 q

{w1,w2,w3,w5}

3 2 p→ 2 3 p

{w1,w3,w5}

3 (p→ q)

{w2,w4}

3 (¬p ∧ ¬q)

{ }
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pqr

w1

pqr

w2

pqr

w3

pqr

w4

a

b b

a

b

b

M

Indicate the worlds in which the following formulas are true.

3a 3b p

{w1}

2a 2b r

{w2,w3,w4}

p ∧ 2b (q ∧ 2a r)

{w3,w4}

r → 2a q

{w2,w3,w4}

2a (q → 3a r)

{w1,w2,w3}

3a p↔ 3b q

{w3,w4}

¬2b r

{w2,w4}

3b p→ 2a r

{w1,w2,w3,w4}
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Indicate the worlds in which the following formulas are true.

3a 3b p {w1} 2a 2b r {w2,w3,w4}
p ∧ 2b (q ∧ 2a r) {w3,w4} r → 2a q {w2,w3,w4}
2a (q → 3a r)

{w1,w2,w3}

3a p↔ 3b q

{w3,w4}

¬2b r

{w2,w4}

3b p→ 2a r

{w1,w2,w3,w4}
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Valid Consequence

Validities (1)

Some interesting validities:

2 (ϕ → ψ) → (2ϕ → 2ψ)

3ϕ ↔ ¬2 ¬ϕ 2ϕ ↔ ¬3 ¬ϕ

3 (ϕ ∨ ψ) ↔ (3ϕ ∨ 3ψ) 2 (ϕ ∧ ψ) ↔ (2ϕ ∧ 2ψ)
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Valid Consequence

Validities (2)

Some validities with requirements:

If we work only with models in which R is reflexive, then the following
formula, the veridicality principle, is valid:

2ϕ→ ϕ

If we work only with models in which R is transitive, then the following
formula, the positive introspection principle, is valid:

2ϕ→ 2 2ϕ

If we work only with models in which R is symmetric, then the following
formula is valid:

ϕ→ 2 3ϕ

If we work only with models in which R is euclidean, then the following
formula, the negative introspection principle, is valid:

¬2ϕ→ 2¬2ϕ
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Proof

The K system

The valid formulas of epistemic logic can be derived from the following
principles:

1 All propositional tautologies.

2 2 (ϕ → ψ) → (2ϕ → 2ψ)

3 Modus ponens (MP): from ϕ and ϕ → ψ, infer ψ.

4 Necessitation (Nec): from ϕ infer 2ϕ.

A formula that can be derived by following these principles in a finite number
of steps is called a theorem.
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Proof

Example

Prove that ϕ→ ψ implies 2ϕ→ 2ψ

1. ϕ→ ψ Assumption

2. 2 (ϕ→ ψ) Nec from step 1

3. 2 (ϕ→ ψ)→ (2ϕ→ 2ψ) Axiom 2

4. 2ϕ→ 2ψ MP from steps 2 and 3
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Proof

More systems

T := K + veridicality (2ϕ → ϕ)

S4 := T + positive introspection (2ϕ → 2 2ϕ)

S5 := S4 + ϕ → 2 3ϕ

S4 + negative introspection (¬2ϕ → 2 ¬2ϕ)
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Information Update

The intuition

An update with ϕ eliminates situations where ϕ is false.

If we have a model M = 〈

W

,

R

,

V

〉

w1

w2

w3

pq

w1

pq

w2

pq

w3

then updating with p turns the model into M |p = 〈

W ′

,

R′

,

V ′

〉

w1

w3

pq

w1
pq

w3
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Information Update

Formally,

Take a model M = 〈W ,Ri,V 〉 and a formula ϕ.

The model M |ϕ = 〈W ′,R′i,V ′〉, M relativized to ϕ, is given by:

W ′ := {w ∈W | (M ,w) |= ϕ}.

R′i := Ri ∩ (W ′ ×W ′).

V ′(w) := V (w).
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Information Update

Example

Everybody knows their own card:

••◦

••◦ •◦•

◦••

◦•••◦•

Then 1 announces publicly: “I do not have the blue card!” (¬1b).

••◦ ◦••

◦•••◦•
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The Logic of Public Announcement

Syntactically,

We introduce new formulas to talk about the effect of public announcements:

[!ϕ]ψ “If ϕ can be announced, then after doing it ψ is the case”.

〈!ϕ〉ψ “ϕ can be announced, and after doing it ψ is the case”.

More precisely,

(M ,w) |= [!ϕ]ψ iff

(M ,w) |= ϕ implies (M |ϕ,w) |= ψ

(M ,w) |= 〈!ϕ〉ψ iff

(M ,w) |= ϕ and (M |ϕ,w) |= ψ
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The Logic of Public Announcement

Examples

pq
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(M ,w1) |= [!p] (q ∧ ¬q) ? (M ,w1) |= 〈!p〉 (q ∧ ¬q) ?

(M ,w1) |= [!q] (q ∧ ¬q) ? (M ,w1) |= 〈!q〉 (q ∧ ¬q) ?

(M ,w1) |= 〈!¬q〉3b q ? (M ,w1) |= 〈!(p ∨ q)〉2a p ?

(M ,w1) |= [!3b ¬p] 2a p ? (M ,w1) |= 〈!2a ¬q〉 ¬q ?

(M ,w1) |= p→ [!p] p ?
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